Does expertise in strategic behavior obtained in the …eld transfer to the abstract setting of the laboratory? Palacios-Huerta and Volij (2008) argue that the behavior of professional soccer players in mixedstrategy games conforms closely to minimax play while the behavior of students (who are presumably novices in strategic situations requiring unpredictability) does not. We reexamine their data, showing that, in fact, the play of professionals is inconsistent with the minimax hypothesis in several important respects: (i) professionals follow non-stationary mixtures, with card frequencies that are negatively correlated between the …rst and the second half of the experiment; (ii) professionals tend to switch between halves from underplaying a card relative to its equilibrium frequency to overplaying it (and vice-versa), and (iii) the distribution of card frequencies across professionals is far from the distribution implied by minimax. In each of these respects the behavior of students conforms more closely to the minimax hypothesis.
Introduction
Several recent papers have established that the behavior on the …eld of sports professionals in strategic situations requiring unpredictability is consistent with the minimax hypothesis and its generalization to the theory of mixedstrategy Nash equilibrium. (See Walker-Wooders (2001) and Hsu-HuangTang (2007) for tennis, and Chiapppori, Levitt, and Groseclose (2002) and Palacios-Huerta (2003) for soccer). This raises an important question: Does expertise in strategic behavior obtained in a familiar setting, e.g., the tennis court or the soccer …eld, transfer to an unfamiliar one? If it does, then a key implication is that the nature of the subject pool is a critical ingredient of whether results obtained in the laboratory are useful for predicting behavior in the …eld.
In an ingenious experiment, Palacios-Huerta and Volij (2008) recruited professional soccer players and students to play two mixed-strategy games in the lab, and they obtained extraordinary results. The data shows, so they argue, that the play of professionals conforms remarkably closely to the behavior predicted by the theory whereas the play of student subjects does not. This suggests that the expertise in mixed-strategy play developed (and demonstrated) by professionals on the …eld does transfer from the …eld to the abstract setting of the laboratory.
The present paper re-examines the Palacios-Huerta and Volij (henceforth PH-V) data and argues that the behavior of soccer professionals is inconsistent with the minimax hypothesis in several important respects: (i) professional follow non-stationary mixtures, with card frequencies that are negatively correlated between the …rst and the second half of the experiment; (ii) they tend to switch between halves from underplaying a card relative to its equilibrium frequency to overplaying it (and vice-versa), and (iii) the distribution of card frequencies across players is far from the distribution implied by minimax. In each of these respects the behavior of students conforms more closely to the minimax hypothesis than does the behavior of professionals.
Perhaps paradoxically, this re-examination is motivated by the fact that actual play is too close to the theoretically expected play for soccer profession-1 als. To illustrate this idea, consider the behavior of the soccer professionals in the PH-V data when playing the O'Neill game. In this game, to be described shortly, the minimax hypothesis calls for each player to choose cards (1, 2, 3, or Joker) according to an iid mixture which assigns probability .4 to the Joker card, and probability .2 to each of the non-Joker cards. In PH-V's experiment 40 professionals, in 20 pairs, played the O'Neill game 200 times and so 80 Jokers are expected for each player. However, the probability that a player chooses almost exactly 80 Jokers, say between 79 and 81 Jokers, is only 0:171 and so we would expect only 6:85 players for whom actual play was this close to expected play. Surprisingly, in the PH-V data 16 professionals choose between 79 and 81 Jokers. Such an outcome is extremely unlikely under minimax play. 1 The professionals'empirical card frequencies exhibit the same tendency to be too close to the theoretically expected frequencies for each of the three non-Joker cards as well. PH-V suggest that professionals do not literally follow the iid minimax mixture, but rather they ". . . try to 'match' some probabilities they have, consciously or unconsciously, in mind." In other words, professionals choose cards as though a law of small numbers applies, keeping their empirical card choices close to the expected frequencies.
To investigate this hypothesis we partition the data into two halves, consisting of the …rst and last 100 rounds, respectively. If professionals indeed try to match the equilibrium frequencies, then play would be expected to conform closely to equilibrium in each half. Moreover, the striking di¤erence found between professionals and students in the overall data should also hold in each half. If, perhaps, the adjustment by professionals to equilibrium play is time consuming, then we would at least expect that play conforms closely to equilibrium for the last 100 rounds.
We …nd no evidence that professionals match minimax frequencies when either half of the data is considered in isolation. Even though tests based on only half the data have less power, the hypothesis that professionals choose each card individually (or all four cards jointly) according to its minimax 1 The probability that 16 or more players choose between 79 and 81 Jokers is only 0.00053, i.e., about 1 in 1900. 2 frequency is rejected at a high rate in each half of the data. Indeed, in each half of the data these hypotheses are rejected at similar rates for professional and students, and at too high a rate to be consistent with the minimax hypothesis.
Considering all 200 rounds, PH-V show that the joint hypothesis that all 40 professionals choose their cards in the O'Neill game according to the minimax model is not rejected (the p-value is :988) when the Pearson goodness of …t test is applied to their empirical card frequencies. In other words, if a computer were programmed to choose cards according to the true minimax frequencies, the odds of generating data in which the empirical card frequencies were this close (or closer) to the theoretically expected frequencies is only 1:2%. The same hypothesis is rejected at the 1% level for students (p-value 0:006). How is such a striking di¤erence between professionals and students possible when the card choices of each exhibit a similar conformity to equilibrium in each half of the data? The answer is found by seeing that the behavior of professionals and students does di¤er in important ways.
The Minimax Hypothesis, applied to the repeated O'Neill game, requires that each player choose cards according to the same iid mixture at each round. An implication is that the frequency with which a card is chosen in the …rst half is uncorrelated with the frequency it's chosen in the second half. This hypothesis is rejected for professionals, for each of the four cards in the O'Neill game, in favor of negative correlation. For students, in contrast, this hypothesis is only rejected for the Joker card (for which there is a positive correlation between the …rst and second half frequencies). Thus, with respect to whether the …rst and second half card frequencies are uncorrelated, the behavior of students conforms more closely to the theory than does the behavior of professionals.
A second and related implication is that if a subject happens by chance to play a card with, say, less than its equilibrium frequency in the …rst half (i.e., he "underplays" the card), this has no bearing on the likelihood he will underplay it in the second half. We show that professionals vary their play systematically over the two halves of the experiment. Professionals who underplay the Joker card relative to its equilibrium frequency in the …rst 100 rounds, tend to overplay it in the last 100 rounds (and vice versa). As a result, the frequency with which professionals choose the Joker card over all 200 plays is closer to the equilibrium frequency than it is in either half alone. For each of the non-Joker cards, professionals also exhibit the same tendency to switch between underplaying and overplaying it. Students, in conformity with the theory, exhibit no systematic tendency to switch.
Considering either half of the data alone, the play of both groups is similar in the degree to which it conforms to equilibrium. The essential di¤erence between professionals and students is how their play changes between the …rst half and second half. For students we observe no change, while the tendency of professionals to change their play across halves has a powerful e¤ect -it causes their overall card frequencies to be excessively closely clustered around the expected card frequencies. Applying the Kolmogorov-Smirnov goodness of …t test to the overall card choices of professionals, one can reject minimax play for each card individually and for all four cards jointly. The same test applied to the card choices of students yields a rejection only for the Joker card.
In Section 2 we describe the PH-V experiment. In section 3 we compare the behavior of professionals and students in the …rst and last 100 rounds, showing that the behavior of each conforms equally well to the theory in each half. In Section 4 we show that the empirical card frequencies of professionals are negatively correlated between halves, professionals switch between underplaying and overplaying a card relative to its equilibrium frequency, and the distribution of card frequencies is inconsistent with minimax play. Section 5 considers the data for PH-V's "Penalty Kick"game and concludes.
The PH-V Experiment
PH-V recruited professional soccer players and college students to play two zero-sum games, a "Penalty Kick"game which they introduce, and the wellknown O'Neill game (O'Neill 1987). The Penalty Kick game is a stylized representation of a penalty kick in soccer where the kicker (Row) chooses whether to kick left (A) or right (B), and the goalie (Column) simultaneously chooses whether to cover left (A) or right (B). The O'Neill game is a zero-sum game with a unique asymmetric mixed-strategy Nash equilibrium. The O'Neill Game
In both games of the PH-V experiment the payo¤ numbers are the probability that the row player wins 1 Euro. Eighty professional soccer players were recruited, 40 of whom were kickers and 40 of whom were goalies. For the Penalty Kick game, 40 professionals in 20 …xed pairs, with a kicker in the row role and a goalie in the column row played 150 rounds. For the O'Neill game, another 40 professionals were paired in the same fashion but played 200 rather than 150 rounds. A total of 160 college students participated, half with soccer experience and half without. To sharpen the contrast, we focus on the 80 students without soccer experience. Like the professionals, 20 …xed pairs of students played 150 rounds of the Penalty Kick game and 20 …xed pairs played 200 rounds of the O'Neill game. In both games the subjects played 15 practice rounds. Subjects were not told the number of rounds to be played.
The PH-V experiment improves on O'Neill's (1987) original study in several respects. First, the stakes are much higher -in O'Neill (1987) subjects played for 5 cents per game. Second, in order to avoid the Ace bias noted in Brown and Rosenthal (1990) , PH-V follow Shachat (2002) in labeling the strategies Red, Brown, Purple, and Green, rather than Ace, Two, Three, and Joker.
2 For expositional convenience, we follow PH-V and use O'Neill's original labelling with 1 for Ace, 2 for Two, 3 for Three, and J for Joker.
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An innovation of O'Neill's pioneering study was that the stage game had only two outcomes, i.e., each player either won or lost, and hence the minimax (and Nash equilibrium) mixture did not depend on the players'attitude toward risk. The supergame consisting of the repeated play of the stage game clearly has more than two outcomes and hence one might wonder whether the players'risk attitudes once again become important. Wooders and Shachat (2001) shows if that the stage game has two outcomes, is strictly competitive (i.e., if one player wins then the other loses), and has a unique Nash equilibrium, then the unique Nash equilibrium of the supergame calls for Nash play at each stage provided the players'preferences over supergame outcomes satisfy a weak monotonicity condition. 4 The unique Nash equilibrium of the 200-time repeated O'Neill game, for example, is for each player to choose the Joker card at each stage with probability .4 and choose each of the nonJoker cards with probability .2, independently of the history of play up to that point.
Comparing Professionals and Students
PH-V argue that the behavior of professionals in the O'Neill game conforms closely with theory, both at the level of an individual player and in aggregate, while the behavior of students is far from equilibrium. Considering all 200 rounds, they …nd that the null hypothesis that a subject chooses the Joker card with probability .4 is rejected at the 5% level for 4 professionals, but the same null is rejected for 9 students. For the non-Joker cards, the minimax 3 Other important experimental studies of mixed strategy play include Rapoport and Boebel (1992), Mookherjee and Sopher (1994) , Ochs (1994) , Rosenthal, Shachat, and Walker (2003) , and Shachat (2002) . See Camerer (2003) for an in-depth survey. 4 The monotonicity condition is easily illustrated in the twice-repeated O'Neill game, which has four outcomes: A player can win twice (WW), he can win and then lose (WL), or lose and then win (LW), or lose twice (LL). Monotonicity requires WW WL LL and WW LW LL. Monotonicity allows players to be risk averse, preferring the outcome WL to a 50-50 lottery on WW and LL, and allows players to be impatient, preferring WL to LW. binomial model is rejected at the 5% level in 4 instances for professionals, while it is rejected in 14 instances for students. 5 Applying the Pearson Goodness of …t test to each subject's choice of all four cards, the null hypothesis that the subject choose all four cards according to the equilibrium mixture is rejected at the 5% level for only 2 professionals, while it is rejected for 7 students. The joint hypothesis that all 40 players choose their cards according to the equilibrium mixture is not rejected for professionals (p-value 0:988), while it is rejected at the 1% level for students (p-value 0:006).
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As noted earlier, a striking feature of the PH-V data is that the actual play of professionals is "too close" to expected play to be consistent with the players following the minimax iid mixture. There were 16 professionals who chose between 79 and 81 Jokers, whereas we would expect only 6.85 under minimax play. The probability that 16 or more (of 40) subjects play within one card of the expected number of Jokers is only 0.00053. For the non-Joker cards 1, 2, and 3, there were, respectively, 21, 16, and 18 professionals who chose within one card of the expected number. The probability that 16 or more subjects play within one of the expected number of 2 cards is only 0.004642 (only 8.35 such players are expected), and the analogous probabilities for the 1 and 3 cards are much lower. Under minimax play it is extremely unlikely that for any one of the cards there would be so many players for whom actual play is in such close correspondence with expected play. The close correspondence of actual to expected play is especially striking given that it holds for all four cards.
PH-V propose that "The excessive closeness of the observed frequencies to the hypothesized ones suggests that subjects do not randomize, but rather try to 'match'some probabilities they have, consciously or unconsciously, in mind." If professionals were matching frequencies, then one might expect to …nd serial correlation their choices but, employing a runs test, PH-V do not reject randomness. In this section we examine whether the PH-V data is consistent with professionals choosing cards to "match"the minimax frequencies.
An important aspect of PH-V's experimental design was that subjects were not told the number of hands they would play. To see the signi…cance of this feature, consider a repeated matching pennies game in which the subjects are told they will play 200 times. A subject aiming to match the minimax frequencies could do so by producing 100 Heads over the 200 rounds. The subject, however, might not match the minimax frequencies over any particular sequence of rounds -he might choose substantially more than 50 Heads over the …rst 100 rounds, say. If the number of rounds is not known, then a subject aiming to match the minimax frequencies would need to choose faces so that roughly half of his choices were Heads at any given point in the experiment. In the O'Neill game, analogously, if a subject is matching the minimax frequencies then we should …nd over any long interval of play that roughly 40% of the cards are Jokers and that the frequencies of the other cards are close to their minimax frequencies as well. 7 Here we partition the data into the …rst 100 rounds (i.e., the …rst half of the experiment) and the last 100 rounds. If professionals are indeed matching frequencies, then the close conformity found over the whole experiment of their empirical card frequencies to the expected frequencies should also be found when each half of the data is considered in isolation. The hypothesis that professionals choose an individual card (e.g., the Joker card) according to the minimax binomial model should be rejected at the same (or perhaps even a lower) rate in each half of the data than it was in the data overall. 8 Similarly, the striking overall di¤erence between professionals and students in the degree to which their play conforms to minimax should also be found when each half of the data is considered in isolation.
A Randomized Binomial Test
We will be interested in testing whether the choice frequency of each individual card is consistent with minimax play. To do so it is useful to in- 
10 To see this, note that Pr[p
decision rules lead to di¤erent decisions with positive probability. A randomized binomial test has nonetheless two advantages over a deterministic decision rule. First, even with a …nite sample, the randomized test is symmetric and of exactly size . 11 More important, under the null that each player chooses Joker with probability .4, then each p i is drawn from the same continuous distribution (viz. the U [0; 1] distribution) and hence we can apply the Kolmogorov-Smirnov (KS) goodness of …t test to determine whether the empirical cdf of the 40 values of p i di¤ers from the theoretical one.
The O' Neill Game -First half Tables 1 and 2 show the card choice frequencies of professionals and students, respectively, in …rst and last 100 rounds of the O'Neill game. We begin by focusing on play in the …rst half, which is reported on the left hand side of these tables. The null hypothesis that a player chooses Joker according to the minimax binomial model in each of the …rst 100 rounds is rejected at the 5% level for 7 professionals and 6 students (in each case only 2 rejections are expected under minimax play). For the 1, 2, and 3 cards, the null hypothesis that each of these cards is chosen according to the minimax binomial model is rejected at the 5% level in 6 instances for professionals and 4 instances for students. Under the null, a total of 6 rejections, two rejections per non-Joker card, are expected at the 5% level.
Next we consider the joint hypothesis that all 20 professionals in a given role choose a given card according to the minimax binomial model. 12 Since there are two roles and four cards, 8 di¤erent null hypotheses are considered.
11 PH-V reject the null that the Joker card is chosen according to the minimax binomial model at the 5% signi…cance level if a player chooses fewer than 68 or more than 93 Jokers. The test is not symmetric since the probabilities of these two events, 3:4594 10 2 and 2:4716 10 2 , respectively, are unequal. Moreover, the size of the test is :06 rather than :05. The test would have been closer to the correct size if the rule had been to reject the null whenever there were fewer than 67 Jokers. 12 Let n i J denote the number of Joker cards, say, played by professional i in the …rst 100 rounds. Under the null n i J B(100; :4) for each i, and hence the joint null is that
This null is rejected at the 5% level for column players choosing the Joker card (p-value 0.00017), the 1 card (p-value 0.030), the 2 card (p-value 0.020), and for row players choosing the 3 card (p-value 0.014). Pooling the choices of the two roles, the joint null that all 40 professionals choose a given card according to the minimax binomial model is rejected only for the 2 card. For students, in contrast, the same hypotheses are not rejected for any for the four cards, in either role, or when the choices of the two roles are pooled.
Pearson goodness of …t tests of the null hypothesis that a player chooses all four cards in the …rst 100 rounds according to the minimax multinomial model are reported in Table 3 . (The table reports 
is asymptotically distributed chi-square with three degrees of freedom. For the …rst 100 plays this null is rejected at the 5% level for 3 professionals and 3 students. The joint null hypothesis that all 20 players in a given role choose all four cards according to the minimax multinomial model is rejected at the 5% level for the row role, for both professionals and students. The analogous null is not rejected for the column role or when the roles are combined, for either professionals or students.
These results show that during the …rst 100 plays there is little di¤erence between professionals and students in terms of the number of 5% rejections of either the binomial minimax model for single cards, or the multinomial minimax model for all four cards jointly. For both groups we obtain more than the expected number of rejections of the minimax binomial model for the Joker card. If anything, aggregate play is closer to equilibrium for students -the joint null hypothesis that all the students in a given role choose a given card according to the minimax binomial model is not rejected for any of the cards, for either the column or the row role (or when the roles are pooled), while the same null is often rejected for professionals.
The O' Neill Game -Second half Perhaps professionals have learned to play equilibrium by the second half of the experiment, while students have not. To assess this possibility, we apply the same statistical tests to the last 100 rounds. (Play in the second half is given on Tables 1 and 2 under the "Second Half" heading.) The null hypothesis that players choose the Joker card according to the minimax binomial model is rejected at the 5% level for 7 professionals and 5 students. For the non-Joker cards, the minimax binomial model is rejected in 3 instances for professionals and in 6 instances for students. This is similar to the number of rejections we saw in the …rst half (6 for professionals and 4 for students). We now see slightly more rejections for students, although the number of rejections does not exceed the number expected under the null.
Next we consider the joint null hypothesis that all the players in a given role choose a given card according to the minimax binomial model. We obtain 4 rejections (of 8 possible) at the 5% level for professionals -we reject for column playing the 1, 2, and Joker cards and for row playing the Joker card. We obtain only 2 rejections for students -column playing the 3 card and the Joker card. However, pooling the choices of both roles, we obtain no rejections for professionals while we obtain two rejections (for the 1 card and the Joker card) for students. Table 3 shows that the null hypothesis that all four cards are chosen according to the minimax multinomial model is rejected for 3 professionals and for 4 students (2 rejections are expected). For both professionals and students, the joint null hypothesis that all players in a given role choose cards according to the minimax multinomial model is not rejected at the 5% level for either the column role, the row role, or when the roles are combined. 13 These results show that in the last 100 rounds the behavior of professionals and students, at the individual level, is very similar in terms of the number of 5% rejections of the minimax binomial model for individual cards and the minimax multinomial model for all four cards. For both groups there are more rejections than expected of the minimax binomial model for the Joker card.
The table below summarizes the results for the joint tests of the minimax binomial and multinomial models, for the …rst and second half of the data. A rejection at the 5% signi…cance level is indicated by a " " mark, where the column headings "R,""C,"and "P"stand for row, column, and Pooled, respectively.
Professionals
Card R C P R C P R C P R C P 1 2 3 J 1-2-3-J Table 4 : 5% Rejections of the Joint Minimax Binomial/Multinomial Model In both halves, and especially for professionals in the …rst half, these joint tests are rejected more frequently than we would expect under the theory.
KS Tests on the First and Last 100 Plays
An alternative test of the joint hypothesis that all the professionals choose a given card according to its minimax probability is based on the empirical distribution of the 40 values of p i obtained from applying the randomized binomial test to each professional's play. Under the null hypothesis that professional i chooses the Joker card, say, according to the minimax binomial model, then the p-value p i obtained from the randomized binomial test is distributed U [0; 1]. The Kolmogorov-Smirnov (KS) test allows us to test whether the empirical distribution of the p i 's is generated according to the theory -i.e., the uniform distribution whose cdf is given by the 45 line.
Formally, the KS test is as follows: The hypothesized cdf for the pvalues is the uniform distribution, F (x) 1974) ).
In addition to its visual appeal, the KS joint test has several advantages over joint tests based on the binomial distribution (for a single card) or the Pearson goodness of …t test (for all four cards jointly) used above. First, the minimax hypothesis generates a prediction about the distribution of card frequencies across players, and the KS test can be applied to determine whether the empirical distribution of card frequencies matches the predicted one. The Pearson joint test, in contrast, focuses on only one aspect of the distribution -its mean. To illustrate this point, suppose that every subject in the PH-V experiment chose exactly 80 Joker cards after 200 plays. The joint null hypothesis that each player chose the Joker card according to the minimax binomial model would not be rejected by the Pearson joint test, even though such an outcome is clearly inconsistent with each of the players following an iid mixture with probability .4 on the Joker card. The same joint null would, however, be rejected by the KS test since the empirical distribution of the p-values (i.e., the cdf which assigns all probability to p-values of 1) is not close to the uniform distribution.
Second, the KS test is not sensitive to outliers since the empirical cdf of p-values is little changed by the addition or removal of single p-value. In contrast, since the Pearson joint test is based on the sum of the test statistics of the individual players, the value of the statistic is sensitive to outliers. For example, the minimax multinomial model is rejected for students on the basis of the overall data (p-value of 0.006), but if we exclude the row player in pair 10 the p-value becomes .07 and the null is no longer rejected. The Binomial joint test is based on the total number of times a given card is played, and so it is also sensitive to the e¤ects of outliers.
The top panel of Figure 1 shows the empirical cdf of the p's for the randomized binomial test applied to the Joker choices of professionals and students, for the …rst 100 rounds. The bottom panel shows the empirical cdf of p-values (40 for professionals and 40 for students) obtained by applying the Pearson goodness of …t test to the choices of all four cards jointly. Figure  2 shows the empirical cdf of the p's when the randomized binomial test is applied to each of the non-Joker cards, for both professionals and students. In contrast to the binomial and multinomial joint tests presented earlier, the KS test identi…es a dimension in which the play of professionals is closer to equilibrium than the play of students in the …rst 100 rounds. Figures 3 and 4 show the same cdf 's for professionals and students for the last 100 rounds. A visual comparison shows a remarkably similarity between the cdf 's of the two groups for all four cards, both individually and jointly. And, with the exception of the Joker card, the empirical cdf 's closely follow the theoretical cdf. Table 6 shows that the joint null that each professional chooses the Joker card according to the minimax binomial model just fails to be rejected at the 5% signi…cance level. The analogous joint null is not rejected for professionals or students for any other of the four cards. The joint null that all four cards are chosen according to the minimax multinomial model is also not rejected for either professionals or students. The empirical cdf s in Figures 1 through 4 show that professionals are not, as PH-V suggest, choosing cards to "match"the minimax frequencies in either the …rst or the second half of the experiment. If they were frequency matching, the cdf 's would be characterized by too many large p-values, i.e., the empirical cdfF (x) would lie far below the theoretical cdf F (x). In fact, a visual inspection reveals that the empirical and theoretical cdf 's are generally close, for both the …rst and second half, and for all four cards individually and jointly.
Resolving the Puzzle
We have seen that the empirical card frequencies of professionals and students exhibit a similar conformity to equilibrium, both in the …rst 100 rounds and in the last 100 rounds. Yet, PH-V have shown that when the binomial or multinomial Pearson goodness of …t tests are applied to the overall O'Neill data, the behavior of professionals appears to conform closely to equilibrium while the behavior of students does not. How is this possible? Moreover, if professionals are not matching frequencies, then why are their empirical card frequencies too close to the theoretically expected frequencies?
In fact, the behavior of professionals and students does di¤er in important ways. Moreover, it di¤ers in a way that explains both why there is a dramatic di¤erence between students and professionals in the data overall and why the empirical card frequencies of professionals are "too close" to the expected frequencies.
In the equilibrium of the repeated O'Neill game, each player chooses cards according the same iid mixture at each stage. An implication is that the empirical frequency with which a player chooses the Joker card, say, in the …rst half is uncorrelated with the frequency with which he chooses it in the second half. The top panel of Figure 5 shows these frequencies for professionals, with each point (x; y) representing the …rst-and second-half Joker frequencies, x and y, respectively, of a professional. A point where x < :4 and y > :4 falls in the upper-left quadrant and corresponds to a player who underplayed Joker in the …rst half, but overplayed Joker in the second half. A point on a line with slope 1 that passes though (:4; :4) corresponds to a player whose choice frequencies di¤er from minimax in each half, but which matches the minimax frequency overall. Figure 6 plots the same frequencies for the non-Joker cards, where the four quadrants are now de…ned relative to the .2 equilibrium mixture. For convenience, each …gure also shows the linear regression line. Table 7 below reports, for each card, the value of the Spearman rank correlation coe¢ cient R between the frequency the card is played at the …rst half and the frequency it is played in the last half.
14 Under the null hypothesis that the …rst and second half frequencies are independent, the distribution of R is known and hence R can be used to obtain a non-parametric test of Table 7 : Spearman Rank Correlation Coe¢ cients
The choice frequencies of professionals are negatively correlated between halves for each of the four cards, with the null hypothesis of no correlation rejected for each card at the 5% (or smaller) signi…cance level. For students, the same null hypothesis is not rejected for any of the non-Joker cards. For the Joker card, however, the null hypothesis of no correlation is rejected at the 5% signi…cance level, with the …rst-half and second-half frequencies positively correlated.
A second implication of the minimax hypothesis is that if a subject plays a card with, say, a frequency below its equilibrium frequency in the …rst half (i.e., he underplays it), this has no bearing on the likelihood he will underplay the card in the second half. In other words, a player's choice frequencies are equally likely to fall in each one of the four quadrants. It is immediately visually apparent from Figures 5 and 6 that professionals who underplay a card in the …rst half relative to its equilibrium frequency tend to overplay it in the second half, and vice versa. Table 8 shows the number of frequencies falling into each of the four quadrants. There were 14 professionals who underplayed Joker in the …rst half but overplayed it in the second half; there were 11 who switched from overplaying to underplaying Joker. (Entries where the players "switch" are shown in bold.) Hence 25 players switched from underplaying to overplaying Joker (or vice versa). Ignoring the four players whose choices frequencies fall on the boundary (i.e., which satisfy x = :4 or y = :4), we would expect only 18 of the remaining 36 players to make such a switch. The null hypothesis that the Joker frequencies are uniformly distributed over the four quadrants just fails to be rejected at the 10% level for professionals (p-value 0.1116) using the Pearson goodness of …t test. 15 The same null hypothesis is decisively rejected for each of the non-Joker cards, with p-values for the 1, 2, and 3 card of 0:0008, 0:0002, and 0:0272, respectively. As shown in Table 9 , the distribution of the …rst and second half choice frequencies of students is, in contrast, far more consistent with minimax play. The null hypothesis that the frequencies are uniformly distributed over quadrants is not rejected for any of the non-Joker cards. The null is rejected for the Joker card since students tend to underplay Joker in the second half, irrespective of whether they under or overplayed it in the …rst half. Table 9 : Students, Counts by Quadrant
Switching and the Consequences for Overall Play
When a subject overplays a card (relative to its equilibrium frequency) in the …rst half, but underplays it in the second half, then the overall frequency with which the card is played will tend to be closer to equilibrium than in either half alone. Moreover, the sample variance will tend to be too small relative to the sample variance under equilibrium play. Consider, for example, the 200-time repeated matching pennies game. Under equilibrium play, the expected number of heads is 100 and the variance is 50. If, instead, a subject chooses H with probability :5 + in the …rst 100 plays, with 0 :5, but chooses H with probability :5 in the last 100 plays, the expected number of heads remains 100, but the variance is reduced to 50 (1 4 2 ). Thus, given a collection of subjects whose play varies in this fashion, there will tend to be too many subjects with approximately 100 heads after 200 plays. Under the null hypothesis of a fair coin, applying the Binomial test there will tend to be too many subjects with large p-values.
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Figures 7 and 8 show the empirical cdf of p-values for each card alone and for all four cards jointly. For professionals, except for the Joker card, the 17 There will as well tend to be too few rejections of the null hypothesis. Suppose our decision rule is to reject the null if there are 86 or fewer or 113 of more heads after 200 plays. A simple calculation shows that if the null is true, it is rejected with probability 0.056. If, instead, subjects choose H with probability .8 in the …rst 100 plays and choose H with probability .2 in the last 100 plays, then the null is rejected with probability 0.017. In other words, against this alternative, the null is rejected with probability less than .056. 20 empirical cdf of p-values lies far below the theoretical cdf, which indicates the presence of too many large p-values. In fact, the empirical cdf 's of the p-values is closer to the 45 degree line for students than professionals for each of the four cards, with the exception of the Joker card where the distances are virtually the same. Table 10 shows the results of applying the KS test to the distribution of p-values obtained when the randomized binomial test is applied to each card individually and the Pearson goodness of …t test is applied all four cards jointly. The KS test for the Joker card yields the same results for professional and students -in each case the null that all subjects choose Joker according to the minimax mixture is rejected. For professionals, the maximal distance between the empirical cdf and the uniform cdf is at an "x" value of .833 where the value of the cdf is .6. In other words, 40% of professionals have p-values above .833 whereas we would expect 16.7% to have such p-values. Since the maximum distance occurs where the empirical cdf lies below the cdf of the uniform distribution, the rejection is a result of there being too many high p-values. For students, in contrast, the maximal di¤erence between the two cdf s is where x = 0:365 and the empirical cdf lies above the uniform, with too many low p-values. For each non-Joker card, the KS test resoundingly rejects the joint null hypothesis that professionals play the card according to the minimax binomial model. In each case, the null is rejected as a result of the empirical cdf having too many large p-values. The result for the 1 card is especially dramatic, with 82% of the p-values above .544. (Recall that the negative correlation between …rst and second half play was greatest for the 1 card.) In contrast, the null that a card is chosen according to its equilibrium mixture is not rejected for any one of non-Joker cards for students. The hypothesis that all four cards are jointly chosen according to the equilibrium mixture is rejected for professionals (p-value of 0.000014), but it is not rejected for students at the 5% signi…cance level.
Professionals
In this section we have shown that the behavior of professional conforms less closely to minimax than does the behavior of students in several respects. First, the frequency with which professionals play a card in the …rst half is negatively (and statistically signi…cantly) correlated with the frequency it is played in the second half. Second, professionals tend to switch from underplaying a card in the …rst half to overplaying it in the second half (or vice versa). Third, for each card, and for all cards jointly, we can reject that the distribution of p-values for professionals is uniform, as predicted by the theory. The behavior of students, in contrast conforms with equilibrium in all three respects, with the exception of the Joker card.
We conclude this section by noting that when subjects following nonstationary mixtures, an additional consequence will be reduction in the number of runs. Consider again the matching pennies game. If n 1 Heads and n 2 Tails are played in n 1 + n 2 rounds, then the expected number of runs under the null hypothesis of randomness is
If, for example, n 1 = 70 and n 2 = 30 in the …rst 100 rounds, but the number of Heads and Tails is reversed in the last 100 rounds, then 43 runs are expected in each half and 86 runs are expected overall. If, instead, 100 Heads and 100 Tails are randomly distributed over 200 rounds, then 101 runs are expected. Hence when subjects follow non-stationary mixtures, this will introduce a bias towards too few runs (i.e., towards positive serial correlation) and away from the negative serial correlation commonly found in laboratory experiments with student subjects.
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Discussion
The Penalty Kick Game The di¤erences between professionals and students found in the O'Neill game are exhibited in the Penalty Kick game as well. Table 11 Since there are only 20 professionals in each role, this test has lower power for the Penalty Kick game than for the O'Neill game where (since the equilibrium mixture was the same for both roles) we could pool the data for all 40 row and column players. Nonetheless, for professionals the null of no correlation is rejected at the 10% level, and just fails to be rejected at the 5% level, while students exhibit no correlation between their …rst and second half choice frequencies for either role. Table 12 provides weak evidence that professionals in the column role tend to switch from underplaying Right to overplaying it (and vice-versa), with 14 of the 20 column players switching. 19 Since professionals in the row role tend to overplay Right in both halves, the null that the frequencies are uniform is rejected. The same null is rejected for students in the row role; they tend to underplay Right in both halves. conforms more closely to equilibrium at the individual level than does the behavior of students even when each half of the data is considered in isolation. In the …rst half, the minimax binomial model is rejected at the 5% level for 3 professionals and 9 students. In the second half, minimax play is rejected for 3 professionals and 6 students. As in the O'Neill game, minimax play at the individual level is rejected more frequently for professionals in each half of the data than it is in the data overall, which provides further evidence that professionals follow di¤erent mixtures in each half.
Conclusion
We have shown that the behavior of professionals departs from the minimax hypothesis in a number of respects in both the O'Neill game and the Penalty Kick game -there is negative correlation between the …rst and second half choice frequencies of each action. In addition, in the O'Neill game there is a striking tendency for professionals to switch from underplaying a card relative to its equilibrium frequency to overplaying it (and vice-versa). Negative correlation and switching cause the empirical choice frequencies to be too close to the theoretical frequencies for each of the four cards in the O'Neill game and for the column player in the Penalty kick game. Applying the KS test to the distribution of p-values (for the overall data) for professionals, we strongly reject the minimax binomial model for each card individually and the minimax multinomial model for all cards jointly in the O'Neill game. The KS test also rejects minimax play for both the row and the column player in the Penalty Kick game.
Students, however, exhibit no correlation between their …rst-half and second-half choice frequencies in either game (except for the Joker card in the O'Neill game), nor do they exhibit any tendency to switch between under and overplaying a card. The KS test does not reject minimax play in the O'Neill game, although it is does in the Penalty Kick game. Hence, with respect to (i) correlation between halves, (ii) the likelihood of "switching" between halves, and (iii) the empirical distribution of p-values, the behavior of students conforms more closely to theory than does the behavior of professionals, especially for the O'Neill game.
Considering the overall data (200 rounds in O'Neill and 150 rounds in the Penalty Kick game) the empirical choices frequencies are closer to the theoretical predictions for professionals than students, but the di¤erence seems to be a result of the fact that professionals do not follow the same iid mixture as the theory says they should. If in the PH-V experiment the O'Neill game had ended after 100 rounds instead of 200, their experiment would have found no signi…cant di¤erence between professionals and students in terms of the conformity of the their empirical mixtures to the minimax mixture. Nor have professionals learned to play minimax in the last 100 plays while students have not -as we have shown, the behavior of students and professionals conforms equally well to minimax when the second half of the O'Neill game data is considered alone.
Why do professional follow non-stationary mixtures, switching from overplaying a card to underplaying it (or vice-versa)? Perhaps professionals initially play a non-minimax mixture with the goal of inducing their rival to play a non-minimax mixture and then subsequently exploiting their rival's deviation. For example, a row player might overplay the Joker card in an attempt to get his rival to overplay non-Joker cards and then exploit his rival by switching to overplaying non-Joker cards. 21 Such behavior is, of course, inconsistent with the minimax hypothesis; moreover, it is unclear why, except by chance, it would lead to choice frequencies over all 200 rounds that are close to the minimax frequencies. Alternatively, perhaps there was some ‡aw in the conduct of the experiment. To a professional who has overplayed Joker in the …rst half of the experiment, the experimenter might have inadvertently provided a cue to play Joker less frequently in the second half. In a mixed-strategy equilibrium, a player is indi¤erent between alternative actions and hence even a small cue or intimation might have a signi…cant in ‡uence on choices. (The cue need not even be consciously noticed by the subject or the experimenter.) This might explain the negative correlation and tendency to switch that we have documented for professionals.
Since there is no obvious theoretical justi…cation why professionals (but not students) would follow non-stationary mixtures, e¤orts to replicate the PH-V results seem especially important. Our results suggest that it may be useful to focus on the whether professionals follow non-stationary mixtures in the analysis of replication studies. Although not an exact replication, Levitt, List, and Reiley (2007) 
